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Objectives: This paper proposes a strategy of robust optimal investment
reinsurance for insurance companies. It was assumed that the surplus procedure
of the insurance company satisfies the jump-diffusion procedure. Insurance
companies could invest their surplus funds in the financial market consisted of
both risk assets and one risk-free asset. The price procedure of risk assets satisfies
the stochastic procedure with a mean reversion rate. Considering the uncertainty
of the model, the ambiguity-averse insurance firm aims to enhance the
exponential utility of insurance surplus at terminal time. This paper has
investigated the problem of robust optimal investment reinsurance and obtained
the differential equation supported by the value function.
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INTRODUCTION

The insurance company is an enterprise that
deals with risks. To spread the risk of insurance,
insurance companies usually sell insurance to
reinsurance companies buy reinsurance to reduce
risk. On the other hand, to make full use of the
surpluses, the insurance company should pay
more attention to it in the financial market,
companies obtain excess returns through venture
capital. Generally speaking, the reinsurance
forms of the insurance firm have both non-
proportional and proportional reinsurance, and
insurance surplus could be invested in the risk-
free assets of the banks such as bonds or deposits,
also could be invested in risky assets such as
stocks.

The reinsurance and optimal investment of
\ Insurance companies have been widely studied.
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Based on various objectives, a large number of
research scholars have researched the optimal
reinsurance and investment strategy’*. However, the
above literature assumes that the parameters in the
insurance surplus procedure and the price procedure
of financial assets can be accurately estimated.
However, the parameters of the model could not be
easily and accurately estimated, especially for the
expected return rate (ERR) in the process of the risk
asset price, which always has an inevitable estimation
error. Due to the uncertainty of parameter estimation,
the obtained investment and reinsurance strategies are
not robust. This brings difficulties to investment
decision-making. Thus, the ambiguity-averse
insurance firm aims to devise a robust strategy. The
main idea of a deal with model uncertainty is that the
insurer finds the optimal strategy of investment under
the worst-case probability measure. For example,
Maenhout (2004) investigates the influence of
ambiguity aversion on the usual dynamic investment-
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consumption  strategy®. Maenhout  (2006)
describes the ERR of risk carrying assets by
using a mean-reverting process and explores the
influence of ambiguity aversion on the problem
of dynamic investment-consumption®. Gu et al.
(2018) assume that there is mispricing in the
financial markets, and they solved the problems
of reinsurance strategy and required robust
optimal investment’. Guan & Liang (2019)
investigate the robust optimal investment
problem and the strategy of reinsurance from the
perspective of multiple risky assets in the market?,
Zhang and Chen (2019) also investigated the
same investment strategies from the context of
jumps and defaultable risks®.

In addition to the above studies, many works
have been done to develop reinsurance and
optimal investment strategies for insurance
companies. Lin & Yang (2011) also examined
these strategies for the diffusion risk model for
maximizing terminal wealth.'® The delayed
reinsurance and optimal investment strategy of
insurance companies with mean-variance is
considered by Shen & Zeng (2014).1! Li et al.
(2015) study the insurance problem where the
underlying claim process follows Brownian
motion with drift assuming that the insurer
purchases proportional reinsurance.'? Sun et al.
(2017) studied such strategies of insurance
companies under ambiguity and the default risk
model.*3 The issue of robust optimal investment-
reinsurance is studied by Zhang et al. (2019) in
the environment of model uncertainty.* Sun et
al. (2019) considered the multiple dependent
risks to shed some light on the problem of
investment reinsurance for ambiguity-averse
insurance firms.*® While, Chen & Yang (2020)
discussed the matter of robust optimal
reinsurance investment with fuzzy price and
relevant claims.*® There are many studies on
investment and reinsurance problems.t’-22

This paper has supposed that the surplus
procedure of the insurance firm satisfies the
procedure of jump-diffusion. The insurers invest
their surplus in risk-free assets and a risk asset
whose ERR is consistent with the mean-reversion
process. In the process of building the
mathematical model, the main objective is
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enhancing the exponential utility of the expected
wealth at the terminal time. Considering the
uncertainty of the model parameters, ambiguity
aversion investors want to seek a robust reinsurance
and asset allocation strategy. We have been able to
derivative the robust HIB equation that is satisfied by
the value function through employing the control
approach on the basis of the robust stochastic.
Afterward, three ordinary differential equations are
obtained based on the form of the value function.

PROBLEM IDENTIFICATION FOR THE
MODEL DYNAMICS

Suppose (€,F,F,P) be a filtered space of
probability  with  filtration  F={F }
F={F}qon IS through three one-
dimensional standard Brownian motions {M,(t)} ,
{M,(t)}and {M,(t)}, which are independent of each

other. T >0 represents the investment time horizon,
which is a finite constant. We consider that F
demonstrates right-continuous and P -complete, and

the F, represents the data that is accessible until time

t. Besides, it was also supposed that in the financial
market there are no taxes or transaction costs, and
trading could occur on a continuous basis.

In the following, we first introduce the insurer’s

jump-diffusion surplus process. The definition is
shown as follows.

created

N (1)
dX () =cdt—d > Y, +6,dM, 1),

i=1

1)

In Eg. (1), ¢>0 shows the constant premium rate
per unit of time. {N(t)},.,, represents a Poisson

procedure, and A>0 is a constant intensity.
{Y.,i >1} is a series of non-negative random variables
with independent and identical distribution F(y),and
the corresponding expectations are up=E[Y] ,
1, =E[Y’]. The moment-generating function Y, is
indicated as P, (t)=E[e™]. Constant is denoted by
0,20 . {My(®)}or; implies one dimensional

standard Brownian motion, which captures an extra
source of uncertainty of the surplus process, such as
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the uncertainty of premium incomes or aggregate
claims.

Now we assume that the risk exposure is offset
by the insurance firm by employing the
reinsurance technique. We allow the insurer to
render the proportional reinsurance with
retention level q(t) €[0,1], in other words, when

a claim Y, happened at t the time, the insurance
firm pays q(t)Y, , and the reinsurer pays
(L—-q(t))Y. . For the insurer, the expectation
premium  principle is  adopted, i.e.,
Cc=(+n,)Au , here n, represents the safety

loading of the insurance firm. Furthermore, this
paper supposes that the variance premium is
adopted by the reinsurer, thus the reinsurer
premium

s@a() = A-a®) Au+mn1-a))* Az, , where
n, is safety loading of the reinsurer. Yet in

general, it was supposed that reinsurance is more
expensive. This means the full reinsurance (all

the claim is paid by reinsurance) is more expensive
than the first one. Otherwise, the first insurer can
reinsure the entire portfolio and gain profit without

undertaking any claim. Thus, 7, > (c—Au) [ (A,) .
In addition, to spread the business risk of potential
insurance, we suppose that the insurance firm invests

all the surplus into both risk-free assets and risky
assets. The price process of risk-free asset satisfies

dC(t) = rC(t)dt, @)

r >0 stands for the interest rate of a risk-free asset.
And the price procedure of the risky asset evolves
according to the below equation:

dS(t) = S(t)[(D)dt +odM, (1)], 3)

where u(t) is the appreciate rate and o >0

represents the stock volatility. Moreover, the risk

price in the market{e(t):M}te[oyT] satisfies a
O

mean-reverting Ornstein-Uhlenbeck procedure as
follows:

do(t) = k(0 — 6(t))dt + o, [ pdM, (t) + \1— p2dM, ()] (4)

In Eq. (4), k>0 represents the extent of mean
reversion, 6 >0 represents the long-term
average of the excess stock return, o, >0
denotes the volatility. {M,(t)} and {M, (t)} are
independent. «(t) is the surplus amount that is

channelized towards the risky asset at the time t.
Denote X" (t) as the wealth procedure associate with
strategy 7z(t) ={a(t),q)}or; - Subsequently, the

wealth procedure of the insurance company with
proportional investment and reinsurance fulfills the

Eq. (5):

N (1)

ax (1) = a®) D 4 (x7 (1)~ ) CY 4 [e— st - q)d S, + o,a®)dM, ()

S() c(t)

i=1

=[rX" (1) + () o0(t) + A(u(, + A1) — 7,8, (L = A(1)) )]t + A1) 7,dM (8) ()

+a()odM, () - [ a)yN(dt,dy)

It was also supposed that the insurance firm
possesses a constant absolute risk aversion

(CARA) utility V(x):—ie’”‘x, where m>0
m

demonstrates the coefficient of risk aversion. The

\ insurance firm is willing to increase the expected

Tob Regul Sci. ™ 2021;7(6): 6100-6114

utility of the terminal wealth. So for the traditional

ambiguity-neutral insurer (ANI), she has the
following objective function:
1 x
sulgE[—aexp(—mX an]. (6)

6102



Wu Yungao

Robust Optimal Investment-Reinsurance Strategies for a Jump-Diffusion Risk Model with Mean-reverting Stock Return

However, due to the uncertainty of parameters,
the insurer only knows some approximate values
rather than the real model.

Next, the equivalent set of alternative measures
are introduced, i.e., Q ={a | ~P}.

Definition 2.1

(Admissible strategy) A trading strategy
r={a(t), )}, can be accepted if it
satisfies

(i) vte[0,T], q(t) e[0.1];

(i) z is progressively measurable and
EXL[ Il zifdt] <o

(iii) V(t,x) [0, T]x; , there is a path-wise
unique solution of Equation 5, {X” (1)}, With

Q6™ W]<+owo , where Q" measures the
worst-case.

In the following, we use IT to denote the set of
whole the admissible strategies.

Consistent with the theorem of Girsanov, we
could obtain that for all @ €Q , they are

progressively measurable

#0) = (O AD. 40,6, 0, such that == p(T)
, Where
o) =exp{-[ §(s) aM(©) - [} FOIFds-+ [, [ Ing, (IN(es.c)
] -g s} @
with M () = (M, (t), M, (t), M, (t)) and
B () = (4, (1), 4 (), 4, (1)) . If 4(t) satisfies Novikov's
condition

E” [exp(% LT | g(sl*ds)] < oo,
I g =, (1)* + 4 (1)* +,(1)* +¢, (1)* , then ¢(t)

represents a P —martingale with filtration {F };_,,-

with

Moreover, the Brownian motions under & €Q
could be explained as

dM“ (t) =dM (t) + ¢ (t)dt (8)

and the intensity of the Poisson procedure N(t)

becomes ¢, ()4 . For tractability, similar to Ref. 4, we

assume that we know the distribution of the claim Y, ,

i.e., the distribution F(y) is identical under the
measure of P and & .

So the surplus procedure under the measure ©
could be given as

dX " (1) = [rX" (1) + a()o (0(t) - 4,(1)) + (117, + A1) = 1,18, (1= A(1))*) — 5,0U(1) gy (1)t

+4(t)o,dMg (1) +a(t)odM; () - [ _at)yN” (dt,dy), )

with the procedure of the market price of risk as

dOt) =[K(@ - 0(1) - po,dy (1) —\1— p? o, Ot + o, [ pdMS (1) +1— p2dMS (O] (10)

We suppose that the Ambiguity-Averse Insurer
(AAI) faces the reinsurance problem and robust
optimal investment wunder the alternative
measure. In other words, the best choice could be

found in some worst cases. Following Ref. 4 and Ref.
5, we suppose that the optimization problems below
are faced by the insurer.

: o 1 _oxeqr T R(S) (¢J(S)In¢\](s)_¢\](s)+1)j’
SL:ELTSE [—Ee ”+_[0 (l//(S)+ )ds]

The expectation is estimated according to the
defined different measures ¢(t). The measure is

\
Tob Regul Sci. ™ 2021;7(6): 6100-6114

11
v, (s) (th

determined by decreasing the expected effect by
considering the worst scenario. In addition, deviation
from the reference model will also be punished, which
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is given by the second term of expectation. The 6, the increment of relative entropy from time t to
weighted relative entropy generated by diffusion  time t+dt is equal to

risk and jump risk is used for the measurement of

this distance. By applying similar methods in Ref.

[% (5 (1) + 47 (1) + ¢, () + A4, (1) I, (1) — 4, (1) + 1)]dlt (12)

To deal with the challenge of optimal
investment reinsurance for AAIl, the value
function have been described as follows

_ewinfe® [-Lemm  (T(RE), (£(5)Ing ()¢, (s)+DA
U(t,x,e)_iliglr;g Et,x,a[ e +L (1//(5)+ v 6) )ds] (13)

: 1 As per the principles of dynamic programming, we
with R(t) :==[d*(t) + 42 (t) + #2(t)] and the p princip y prog g,
® 2[¢0 O+ 0+ (0] have obtained the robust equation of HJB developed

. in Ref. 6 as follows
boundary condition U (T, x,0) = —ie‘mx.
m

Supinf{ ﬂ,uU + ¢02 +¢12 +¢22 + (¢J In¢J _¢J +1)/1}:O (14)
< 2y ¥,

o
mell

Where A™" is the infinitesimal generator under the
measure 2 , which could be defined as follows

A™U =U, +[rX+aO'(l9—¢1) +ﬂ~(/u(770 +q)_771:uz (1_q)2) _O-0¢oq]Ux
+[k(§—6’) — PO, —«/l—pzag%]Ug +%(q20§ +a’c?)U » +%0§U99
+apooU,,+A$,E"[U(t,x—qY,0)-U(t, x,0)]. (15)

Moreover, we suppose that y(t) and w,(t)  of the diffusion risk and S, is the ambiguity-aversion

are state-dependent. Following Ref. 5, we set coefficient of the insurer for the uncertainty of the
B jump risk.
W(t) TN
mU (t, X, &)
B, SOLUTIONS
w,(t) = U x0)’ (16) In this section, we focus on the HIB equation (14),

and derive the explicit solution.
where S is the coefficient of the ambiguity-
\aversion for the insurer regarding the uncertainty ~ Optimal Robust Investment-Reinsurance Strategy
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To resolve Eq.(14), a conjecture has been made

_ 1 e s
which holds that the form of the value function Ut x,0)= _He :

(17)
U(t,x80) is

The partial derivatives of U (t, X, &) are as below:

=(rmxe" "V +G)U, U =-me'" U, U,=GU
u, =m’e*"y,U,, =G, +GHU, U

Let f(q)=R (mge' ™)1, from Eq. (17), we get
E[U(t, x-qY,0)-U(t,x,0)]=U(t,x,0) f(q).

- r(T-1)
w =—me" 'GU.

(18)

The infimum in Eq. (14) will be arrived at as below
by using the optimality conditions of the first order

g )= P20 ¢1(t)-——[aa—” + po, 9] (19)
mU U
11— p? B[R (mgerT0y-1

G =L g —en (20)

The drift term ¢,, 4, ¢, and ¢, measure the

strategy under the worst-case. Now substituting (19)
worst-case, and we will derive the optimal

and (20) into HJB equation (14), we yield

2]
U, + [+ Aun, U, +[K(@ — 9)+ﬁ‘79U9]u S Ugg—%ﬂ“u
J
+sup{H, (t, &) }+sup{H,(t,q)}=0
“ . (21)
Where
1 o U,
Hl(t,a)zz(Uxx 202 ng+ﬂpm"—ug)w, 22)
mi 21
HZ(tfq)__q GO XX (1 q) ]U +ﬂ_ u. (23)
J

Since U,, <0, H,(t,a) is a concave function

in relation to « , its maximizer o (t) has the
following form
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o (1) __ W, +po U+ ppo LU, [ (mU) =[ 0 N pagGg]e_,(T_t). (24)
U, +pU2/(mU)]o (Mm+B)c  mo

Note that

H, o na
e T0u{aos (B+m)e" ™ — 24,4, (1-0) - Au

& r(T-t
L e f(q)E[Yemqe ( )Y]}’ (25)
azHZ 2r(T-t) 2 r(T-t) %f(Q) mge’ Ty \72
o =me U{a0 (B+m)+2An.u,e +Ap,e [E(Ye )]
Bt@ 2. maer Ty
+Ame™ E[Y‘e ]}< 0. (26)
Therefore, H,(t,q) is a concave function with
respect to g, and its maximizer ¢(t) satisfies
2 r(T-t) %f (@) mae’ Ty
A+ 2n2,(1- Q) — o (m+ f)e ™9 = zem E[ve™ ], (27)

Similar to the method of Ref. 10, we give the For any te [O,T) , Eq (27) possesses a unique
Lemma 3.1.

iti ion g (t) €(0,1).
Lemma 3.1 positive solution g (t) € (0,1)

Proof. Let

h(a) = Ap+ 21 A, (1) —dog (M+ B)e" 2,

D21R (mae!T0)-1)

g(q)=2e" E[Ye™ "],
Since

r(Tft)+'%f (a) r(T-ty r(T-ty

g'(q) = 1e )1 +mE[Y %™

9"(q) =1e
+m2E(Ye™e

{5, [E(ve™

2r(T—t)+ﬁ—“f (q)
m

1}>0;

[B;(E(Ye™"™))° +3mB,E(Ye™ " )E(Y ™" )
>0, 28)

Thus g(z) is an increasing convex function. at the interval (0,1) , which means that there is a

h'(Q) =27, —oi(m+B)e TV <0 , and unique positive root q°(t) €(0,1) that satisfies the
h(0) = Au+2Anu, >g(0)=Au . In addition, equation h(q)=g(q).
g > g(0) = Au> Au—oci(m+B)e TV =h(Q) , By Lemma 3.1, the maximizer G(t)=q"(t) .

so for any fixed t and other parameters, h(q)  substituting q"(t) and (24) into (21) yields the
and g(q) possess a distinct point of intersection  following equation
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1.

_ 1 1
G, +k(0 -0)G, +E§J§G§ +>0.G,, —W

2

with the boundary condition G(T,8) =0. Where & =1+ P and

H(t.q") = —me" ™ 4un, + Aﬂﬂ(e

J

—ame" "I uq” - min,(1-9)°]

To solve partial differential equation (29),
lemma 3.2 is given as follows.

Lemma 3.2 For the equation
a/(t) =&a’ (t) +&a, (t) + & with the boundary
condition a,(T)=0 and A:=&7-4£&, , its
solution has the form as in Table 1.

Proof. A similar result can be found in Ref. 10,
here we omit it.

By using Lemma 3.2, we present the solution
of Eq. (29) as follows.

Proposition 3.1 With the boundary condition
G(T,#d) =0, the partial differential equation (29)
has the solution form as

G(t,0) =a,(1)0” +a,(t)0+a,(t),

where a,(t) satisfies the Eq. (35), a,(t) is
ascertained by Eq. (36), and a,(t) is ascertained
by Eq. (37).

Proof. We assume G(t,0) has the form of
(31), with a(T)=0,i=12,3. Inserting partial
derivative G, , G, and G, into (29), and

(31)

Tob Regul Sci. ™ 2021;7(6): 6100-6114

2 [ml9+(m+,8)p0'969]2+H(t,q*):O, (29)
m
Boqq) 1 w2 2 2, 2r-t)
—1)+Eq m°o,&e
(30)

separating with 8%, @ and other terms, the following
three ordinary differential equations are obtained:

a,(0)-&a' () -&a ) -&=0;

8, (1)~ [k + po, +&a, (V)]a, (t) + 2kOa, (1) =0;
(33)

(32)

2 (- 530 + kO, () + o7, (0 + H(1.q") =0
(34)
Where

&=200E0" D, &=2kpor) &=

Note that A=4(k+poc,)’ +4c.(1-p>)>0 , by
Lemma 3.2, the solution of (31) is solved as

~JA(T-1)
_ Ki,[1-e 1
ai(t) - K‘2 _K'lef\/Z(Tft) ’ (35)
Where
_—(k+p0,)t\(k+po,)’ +05(1-p")
v 205¢(p° -1)
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Table 1
The equation solution a/(t) = £a’(t) + &,a, (t) + &
&1 A A(t)
51 — 0 é[e_‘fz(-r—t) _1] (I)
S
rmll-e PO 5 +A
A>0 P where x;, = T (I
_ S __%
&#0 A=0 1—§1K(T—t)+K’Where K 2 (1)
J=a & N-A 5
A<0 tan{arctan(—22 )——( -t)}-=2% (V)
1 J=A 24
The solution of (32) is
3 ~(kpog T4 [ 2y (s)ds (ko )T =)+ [ (u)du
a, (t) = 2kBe L a,(s)e ds. (36)
And a,(t) satisfies
a,(0) =~ 20 (1 )+ 2 g -7 ["[2za2(5) - kda, () o7, (5)Jos
& ' o (37)

+J-T [ﬂ,_meﬁ—r;f(q*@» 1
B, 2
The above results are concluded in Theorem
3.1 as follows.
Theorem 3.1 If there is a control policy of
(z",¢") and a function of U (t,x,8) that meets

the Eq. (14) of robust HIB, then (7',¢") will

become an optimal strategy and U (t, x,8) will

represent the corresponding value function.
Proof. See Appendix.

Suboptimal Strategies

i a 1 wxrqr R L (s)In g, ; )
o) -5, [ 0 (), GO 86 102)

Tob Regul Sci. ™ 2021;7(6): 6100-6114

+ Mo Eq (8)e T ~mA(ug’(5) ~nyt, - (9))°)e" ™ Jas

This section evaluates the importance of
considering ambiguity. The loss of wealth equivalent
utility suffered by investors due to ignoring the
fuzziness of the model is quantified in this section.
Firstly, an insurer who ignores ambiguity is
considered and the suboptimal strategy is adopted.
Secondly, the estimated utility achieved by following
the robust optimal strategy and by adopting a
suboptimal strategy that ignores the ambiguity is

compared. The expected utility function U/Qt,x,e)
related to an arbitrary z is outlined as

(38)

v w,(8)
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With the boundary condition  determined and rely on the strategy of investment.
Wt x 0) — 1 o where Unlike the optimal case, the strategy of reinsurance
t.x, )__E ! investment here is pre-defined. And the expected

1 utility is related to Ab satisfies the following
R(t)::§[¢02(t)+¢12(t)+¢22(t)] - Note thal  rinimization problem.

$,,J=012, and ¢, , remain endogenously

2 2 2
inf{Aﬂ,U Lj/o_l_ ¢O +¢1 +¢2 + (¢J In ¢J _¢J +1)/I}:O (39)
neQ 2y ¥,
where A”“U is defined in (15), the first-order by ¢,.4,,¢, and ¢, in Eq. (39), respectively with &~

conditions with regard to ¢,.4.4, and 4, 4" substituting for #and §. By substituting these
illustrate that the worst-case measure is presented  jnto Eq. (39), we get

_ 2 1yo
G 1+ 2407, 90+ K@ -0) + 2290038 4 L 598, - ™00 i )+ e, 6) =0 (40
2mLye 2 B
Where
o1 BUEY , .. BpoJAIoy ..
I%(t,a)zg(d/g(+ mL%)GZ(a )2+(0 ¥o+ po, l.?/)?g+#)0'a ; (41)
By
00,07 =L @02 (00 + L) 4 a0 Men % (a2)
2 myo B,
Assume the solution of Eq. (40) has the form as Plugging the relevant derivatives into Eq. (40), we
l.%t, X,0) = _ie—mxe'(T")+3@(t)92+ﬂ@(t)0+3@(t)l (43) derive

m
8(t) + 250, 80(t) —[2k +2pEo, (1+ 2 po,a, (1))18(1) = (L+2po 4, ()1~ g —&pa,a (1], (44)

8 (1) + 8(1)[280,80(1) —k — 1+ 20,8, (1)) po,&1+ 2kOELL) + po,8, (1) (& ~1)
+2p°0,£8,(1)(4, (1) - 84(1)) = 0, (45)

() + % o [8h(t) + p*8, (1)(8, (t) — 286(1))] + kO (L) + o, 84t) + H (t,47) =0. (46)
TWO SPECIAL CASE

Investment-Only Case
The surplus process
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dX*(t) =[rX(t)+at)o(0(t) -4 (1) + Au(n, +1) — oy, (t)]dt
+0,dM 2 (t) + a(t)odM 2 (t) - jw yN @ (dt, dy)

(47)
HJB equation
f
supint
Ut +[rx+ac(@-¢)+ A(ﬂ(ﬂo +1) - O-o¢o]gx + [k(é_ 0) - PO — Vl_p269¢2]69
+%(0'§ ra’o?), + ;agu% rapoc)J,+idE° Ut x=Y,0)-U(t,x,0)]
JrE S (GIng =4 404,
2y Vs (48)
We give Proposition 4.1 by following similar  proposition 4.1 For the problem of investment-
derivations of reinsurance-investment case. 0n|y' we get the 0pt|ma| strategy of investment
2a ()0 +a,(t
a () [ ,00'9( a1() + 2( ))]e—r(T—t), (49)
(m+ ,B) mo

and the optimal value function U (t, x,8) as

U(t X 9) 1 —mXeT(T t)+a1(t)92+a2(t)9+a3(t) (50)
follows: -

Where a,(t) and a,(t) are determined by (35) (36), and

3,(t) - —;—m(r )+ A1) [T al(5)-kOa, (5) - ofa, (91ds

ﬂJ
LAm /1m f( )(T _t)+ J‘ [ mio §e2r(T—s) _ mﬂ,yer“‘s’]ds.
? (51)

function can be described through Equation 6 whereas

Ambiguity-Neutral Case the value function is described as

In case, the insurers are neutral to the J(t,x,0) = sup Etxg[— ‘mxﬁ(T)] (52)
ambiguity which means that coefficients of all #ell
ambiguity aversion are S=/"=0 then the  \here Z={a(t),7(Okyor;, - Then the

wealth process of ANI under P measure can be

. ; S corresponding HJB equation is
described through Equation 5 and objective

U, +[rx+Aun, U, +k(@ -6)U, +%J§'U% +sup{actU, +%a202LjXX +apoo,U ,}
.1 . .
+sup{ALu(n, +a) —mu, (1- q)z]Ux +Eq20-§U w T AT(@U}=0.
‘ (53)
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After a similar calculation, we give the
Proposition 4.2.

Proposition 4.2

For those ANI who ignores uncertainty of the
model, the optimal strategy of reinsurance-

investment becomes 7" ={&" (t), 7" ()}o. the
optimal U(t, x,8) are as below:

OA{* (t) — 0+ POy [Zia;i-(t) + é—z (t)] e—r(T -t) ’ (54)

and G (t) meets the given equation:

Apt+ 2,2, (1—q) — gome’ ™0 = AE[Ye™*" "V1.(55)

L’j (t, X, 0) _ _le—mxer(T—x)Jral(t)aeréz (t)6’+é3(t)’ (56)
m

Where
s ()= RRl-e DT kot poy) (K po,) +0pA- pY) &)
R, — ke a0 e 202(p% -1) !
4, (t) = 2 G o1 -0-205 ("D [ as)as .[T A, (s)e(k+pa”)(T_s)+2U" R IETOLY ds. (58)
. Am HT— 1 . = .
a,(t) = = 1T [ D0 (0 183 () -k, (5) - oA, (S)),
(59)

rl A r(T-s r(T-s A* A A
# [ [5m°ta’(97€ ™ ~mae" ™ ILug’ (5) -, - (5))°1+ A1 (@ () ]os.

CONCLUSION

This research study proposes a robust optimal
investment reinsurance strategy for insurance
companies. It assumes that the jump-diffusion
process is satisfied by the surplus procedure of
the insurance company. The insurance
companies invest their surplus funds in risk-free
assets and a risk asset whose ERR is aligned with
the mean-reversion procedure. The price
procedure of risk-asset satisfies the stochastic
process with a mean reversion rate. We develop
the mathematical model by increasing the
exponential utility of the estimated wealth at the
terminal time. Considering the uncertainty of the
model, the ambiguity-averse insurance company
aims to seek a robust reinsurance and asset

allocation strategy. By using the robust stochastic
control method, we derivative the robust HJB
equation which is satisfied by the value function. And
then by guessing the form of the value function, we
obtain three ordinary differential equations. Besides,
two special cases, investment-only cases, and
ambiguity-neutral cases are also explored.

APPENDIX

According to Corollary 1.2 of Ref. 11, if #~ and
V(t, X" (t),0(t)) fulfills the enlisted properties,
Theorem 3.1 could be easily proved.

Property (1)

7" is an admissible strategy.

Property (2)

E* [ sup |U(t, X" (1),0(1) |4] <o, where & is defined by ¢ (t) with ¢ (t);

te[0,T]
Property (3)
E”| sup

[te[o,n | w(t) v, (t)

In the following, we prove the above properties
\ respectively.
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Proof of Property (1) valid. Besides, the validation of condition (iii) could

To prove property (1), we could verify the be derived from the given property (2).

conditions defined in Definition 2.1. Firstly,

condition (i) could be verified according to Proof of Property (2)

Lemma 3.1. Furthermore, we could also know X _ o
#” is deterministic and state-independent from By substituting Eq. (24) and g (t) which satisfies

Lemma 3.1, which means the condition (ii) is Eq. (27) into the wealth procedure (9), the optimal
wealth procedure is obtained as follows

X7 ()= xe" +m—Tﬂe-“T-‘> [TA(©)6(5)" + A, (5)6(s)]ds +e" [ A (s)ds

Lot E 0,6 (s)dM; (s)+e ™V J;[ A (9)6(s) + A, (5)]dM; (s) (60)
e[ [ g (5)yN" (ds.dy),
Where
__ 1 2po,a(9) _ po,a,(s)
A =15t A=
A() = ALy +9" () — 1, (1= (5))*Je ™ — Boa (4 (s)) e o)

In the following, we writt A as candidate value function, for appreciate constant
A(s),i=1,2,3 for short. Inserting Eqg. (60) into K, >0, we have the following estimate

UL, X7 (1), 6(t)" |

1 _ 7 ey al (T-1) 2 Amaf (T g 7
:| —e 4mx ™ (1)e' TV +4a, (1) 62 +4a, (1) 9+4a, (1) |S K.e 4me"TOXT (1)
m

T t t —rs o * o
—4me [x0+j0A3ds—jOIR+e q"(s)yN®  (ds.dy)]

=Ke (62)

m+4

e4m[ m j;(A192+A29)ds+e'Tj;e”sq*(s)aodMg*(s)+.‘.(;(A19+A2)de*(s)]

,4m[mTﬂI;(Aiaz+A29)ds+e” [[ea ©)owamg o)+ (Ao+A)am; (s)]
<K,e

i i i i t * o . -
Where K, is a constant, and it satisfies and .[o.[we_rsq (s)yN*"(ds,dy) is deterministic and
K2 > Kle—4me'T[><0+'[0Agds—joj'we"scf(s)yND (ds,dy)]  Since bounded.

a,,a, and a, are deterministic, which bounded In the next step, it was initially considered the
4me'TJ‘(:e"sq*(s)crodMg*(s)

on [0,T], then the first inequality holds. The integral e . Note that
t
second estimate holds because of X, , IO Ads
j;—Ame’(T’s)q*(s)aodMg*(s) [(am2e2 9 (¢ (s))? ods— [ dme" T9)q" (s)opdM . (s) SBmzezr(T’s)(q*(s))zagds
€ =8 A4444M24444448 §°4442448

martingale const.

thus, we obtain . s o
E° [e—4meT_[0e q"(s)oedM; (S)] < oo, (63)
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Next, we consider the integral

t t *
—4Am[[(AG2+ A+ [ (AG+A)IMS (5)] o
e ”‘*ﬂj" k , and rewrite it as:

74m[ml+ﬂj;(A192+A20)d8+jg(&9+/%2)d'\/|f*(S)] J.16m (AO+A)) ds— J.4m(A10+A2)dM1 (s)
€ A 4444 2 444443

Ilﬁm (AG+A,)? ds— I—(AﬂﬁAﬂ)ds
§4444424f4443 :

For term F , we could derive the following
mathematical forms:

—I;32m2(A16‘+A2)2ds—.|.;8m(AlH+A2)dM1”*(s)

E*(F?)=E" [e ]< . (64)
Itis asuper-martingale for F? isanonnegative E”*[Gz]s K3E“*[GlGZ]. (65)
local martingale.
For term G, the below expressions is put Using the technical assumption:
forward: /41(4/\1——)62
L2 1l L E [G ] E [ -[ mp ] <o,
o [lmains  [EAGA- 0 [antmea-t s
G*=e ‘442443 244244’3- i
G G, mth, (@A )ods
‘32m2AZds E [G 1=E [ " l<o,
Note that e® is deterministic and

and applying (63)-(65), we reach at the following

jszm /-\st !
expressions:

bounded. Thus, with a constant K, >e”

E° Ut X7 (t),6(t)" |

t . o
—4me'TIOe"Sq (8)adM§ ()

<K,E" [e ]

<K,E" [e J-E° e A
<K,E® (GF) < K,[E" (G2)E™ (F?)?

<K,[E* (GG,)I’[E* (F*)I”

<K, [E® (GHE” (GHI* < o

—ame'™ [ (5)opaM5 (5) " (A7 0+ [ (A0 A AN (5)]

The expectation in the right hand of the first Proof of Property (3)
inequity can be dispersed into two parts since
. o R ) Suppose
Mg (t) IS Iﬂdependent Mf (t) . ACCOfdlng tO mR*(t) /1m(¢*(t)|n ¢*(t)_¢*(t)+1)
Eq. (63), the second estimate is valid. The third, @)= B + . 2 : , which
J

fourth, and fifth estimates follow from Cauchy-

Schwarz inequality. is bounded function. According to (16), we obtain
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E” [ sup |

R'(M) , A, ®)Ing, (1) —¢ () +1) ]

teo.7] W (t)

te[0,T

w, (1)
= E“*[sup] | D(t) |2| U(t, X d (1), 0(1)) |2]

(66)

(€ Tan oot g ot 0o <

Thus property (3) is proven.
Based on the properties (1)-(3), we could use
Corollary 1.2 in Ref. 11 to prove Theorem 3.1.
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